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INTRODUCTION
We introduce a new limiting system of equations to describe combustion processes at low Mach number in either confined or unbounded regions, and numerically solve these equations for the case of a fiame propagating in a closed vessel. This limiting system allows for large heat release, substantial temperature and density variation, and substantial interaction with the hydrodynamic fiow field, including the effects of turbulence. Since the detailed effects of acoustic waves have been removed, this zero Mach number limiting system is significantly simpler than the complete system of equations of compressible combustion; furthermore, our formulation of these equations constitutes a well-posed initial value problem (rigorous proofs are available, [5] ). Under additional assumptions guaranteeing infinitely thin ftame front structure, this new system of combustion equations in multi-dimensions has a formal asymptotic limit which reduces to the system introduced recently in [7] for combustion in open channels through qualitative considerations. That system was solved numerically through a combination of random vortex element techniques and flame propagation algorithms specifically designed for problems in turbulent combustion [7] , [17] . In this paper, our new system, which applies to turbulent combustion in both open and closed vessels, is solved numerically by means of an extension of the above techniques. The new method, which requires only an additional fractional step involving a scalar nonlinear ordinary differential equation for the mean pressure, is used to analyze the competing effects of viscosity, exothermicity, boundary conditions and pressure on the rate of combustion for a fiame propagating in a swirling dow inside a square.
This new limiting system of equations describing zero Mach numoer combustion to be described in this paper is a valid set of equations describing the physical process under the following three assumptions: The requirement in (l.l)(c) will be explained in detail below, but we would like to emphasize here that this condition is not particularly restrictive.
If we use the well-known unique orthogonal decomposition (see [2] ) of an arbi- however, the rotational piece of the initial velocity w can be completely arbitrary, as long as it is consistent with the assumption in (l.l)(a). We emphasize here that the assmption of the approximate chemical-fluid balance for the initial data is quite essential for the validity of the equations to be described here. In fact, even if the initial Mach number is small and the initial pressure is nearly spatially uniform, when the conditions of chemicalfluid bal ance are violated, the effects of the acoustic waves can be substantial.
In fact, one only has to realize that there exist many combustion systems with . .
.. Furthermore, a rigorous proof of the validity of the zero Mach number limit equations (described in (1.3) below) under the three assumptions in (1.1) can be given by extending and modifying the analysis in [7] --this will be published e 1 se\o[here.
Next we describe these equations in the simplest reacting fluid system. We assume two reacting species--unburnt gas, with mass fraction Z, undergoes one-step irreversible chemical conversion to burnt gas with the same y-gas law.
In this situation, the equations for zero Mach number combustion in a confined region n (to be derived in Section 2 under the assumptions in (1.1)) are the following system of equations for the variables, pressure P, fluid velocity v = w + ~~, temperature T, and mass fraction Z, supplemented by the ideal gas formula p = PIT, with p the density: ..
In Section 3. following the discussion of Sivashinsky [19] . we take the formal limit of the system of equations in (1.3) as the parameter f: described in (1.4) tends to zero--the limit of infinitely thin flame structure. In unconfined chambers. we describe the fashion in which the system in (1.3) reduces to the model described in [7] . In Section 4 we briefly describe the numerical method used in [17] for solving these equations for open channel combustion using The new formulation presented here uses some of the earlier work of Sivashinsky [19] . However. our derivation and point of view are completely different. In the formulation in [19] . the two equations *+PdiVV = 0 (1.5) pT = pet) (1.6) are used together with the equations in (1.3c. 1.3d and 1.3e) instead of the two equations in (1.3a. 1.3b). For the purposes of numerical modelling. the formulation from [19] has two disadvantages when compared with the one in (1.3):
1) A straightforward discretization of the conservation of mass equation and the temperature equation from (1.3d) introduces spatial discretization errors in the density and temperature so it is quite difficult to design numerical schemes which enforce the constraint pT = pet) and 2) the evolution of the pressure pet) is only implicitly defined in [19] . so it is difficult to calculate a dynamic update for pet) as needed for calculations in closed vessels. One theoretical advantage of our formulation (which. to our knowledge. has been discussed nowhere else in the literature) is that the correct initial conditions of chemical fluid balance described above and needed for self-consistency with the zero Mach number asymptotics arise naturally. The zero Mach number equations developed here can be regarded as a model existing between the full compressible Navier-Stokes equations and constant density models [6] . [13] where the fluid dynamics essentially decouples from the combustion process.
Further details and additional comments regarding zero Mach number combustion in a single space variable can be found in [12] . 
Derivation of the zero Mach Number Combustion Equations
Here we present a derivation of the equations of zero r·lach number combustion under the simplest ideal assumptions for the chemical reactions. We concentrate on the case of a bounded region IT. We assume that there are only two species present, unburnt gas and burnt gas, and we let Z denote the mass fraction of unburnt gas. With y = cp/c v ' the ratio of specific heats, we assume that both the unburnt and burnt gases are governed by the same y-gas law and have the same molecular weights. We also assume that unburnt gas is converted to burnt gas by a one-step irreversible Arrhenius kinetics mechanism. With these simplifications and with suitable nondimensionalization to be explained below, the equations describing compressible combustion are the system Pressure Equation 
Here p is the pressure, p is the density, T is the temperature, v. is the (7) The unit time scale is determined by (5) and (6) where v is the viscosity, d is the species diffusion coefficient, and K is the coefficient of heat conduction.
(9) The parameter £ the flame-thickness factor is defined by
where Q,T is the length scale associated with the internal thermal structure of flames (10) The quantity K is the prefactor for the reaction rate with Ko the frequency factor and A is the nondimensional activation energy in units of TbRo' with Ro the universal gas constant.
(11) The quantity M is the Mach number 10 For simplicity in exposition, we have assumed that all diffusion coefficients and the frequency factor are constants. Also, £ is typically a small parameter, but we will not exploit this fact in this section.
Inviscid Reacting Gases
First we treat the case when the reacting gas is inviscid, i.e .
• Pr = O.
Then the system of equations in ( on an.
The adiabatic boundary conditions in (2.7)(b) have been assumed to avoid additional complications with thermal boundary layers, etc. With the hypothesis of small Mach number. we assume the asymptotic expansions in terms of
Mach number given by
Before beginning the derivation, we recall two well-known facts (see [4] . [20] ):
For a bounded domain n, the boundary value problem in n M ,M-, respectively, imply
For the terms of order zero in the momentum equation, we first apply Q and use the fact from (2.10) that Q(V'p) = 0, then (2.12)
with From the equations in (2.11) and (2.12), we conclude by the equation
Here we have used the boundary condition in (2.7)(b) to integrate to zero the contribution from heat conduction. This choice of ~(t) allows us to satisfy C2.l6)(b) with a unique choice of ' iJI/J 0 and simultaneously to obtain an evolution equation for the mean pressure poet). With JC(t) from (2.19), the equations from (2.l3)(b), (2.14), and (2. 
Zero Bach Number Combustion in Unbounded Domains
The derivation which we have presented applies just as well to combustion in unbounded domains. We use the same nondimensional form of the equations in (2.1)-(2.5) with the change that diam n is replaced by some typical large mean length scale which in Section 3 is assumed to be much bigger than the length scale ~T' The crucial difference in the derivation rests on the following fact:
For unbounded domains such as channels or all of space, the elliptic equation
n an has a unique solution for any F which is square integrable.
In repeating the derivation given above, this fact has the important consequence that U(t) from (2.16) can be chosen so that 
This initial data including the fluid velocity has a jump discontinuity across the surface So = {x E nl<Po(x) = O} and is a stochiometric mixture composed of unburnt gas for those points x E n with <Po(x) < 0 and burnt gas for those points x E Q with ~o(x) > 0. After we have finished the discussion in this section, the reader can easily verify that all equations derived below remain valid with obvious modifications for general piecewise smooth initial data (T(x),Z(x)) that jump across a surface So' provided that the non-dimensional adiabatic equation expressing conservation enthalpy across So' (3.2) for xES . , 0 is valid at all points of So. 
where Set) is a surface described by Set) = {xl~(x,t) = o} with ~(x,O) = cj> (x) o and 0SCt) is the surface Dirac measure concentrated on Set) (see [6] ).
Here the function -m(x,t) is the mass flux across Set) and is determined by (3.4)
where n is the outward spatial normal to Set). The equation in (3.4) expresses the conservation of mass across the surface Set) which is valid for solutions of (2. 
qO'Ym,(pu(t).p(t)}A(t)
'dt= Vol (0) is the volume of the vessel under consideration • .,.{t) is a point on the ftame front at time t. Vv (;t) is the velocity at the point r as taken as a limit from the unburnt side. 1t(;t) is the normal to the front at;t. and 6 F is the surface Dirac measure concentrated on the flame front. In the special case when the domain is unbounded and is a channel of the form discussed in [7] . the fact above (2.23) is valid and the constant pressure approximation : == 0 applies for the system in (2.22b) and therefore in our equations. In this situation. the equations (4.1-4.4) reduce to those introduced by Ghoniem, Chorin and Oppenheim in [7] and studied extensively in [17] . We now describe the numerical algorithm for approximating the system of equations (4.1-4.4).
Given that tv is divergence-free and that Vrp is irrotational (VxVrp=O). we define t to be the vorticity (t = Vxw) and take the curl of (4.4) to produce the vorticity transport equation (4.5) where R is the Reynolds number. Here. the term (Vx VP) which corresponds p to vorticity production across the tlame front has been ignored. We hope to address this more complex numerical issue in later work. The boundary conditions are that w = 0 on 80.
The form for the mass tlux given in (3.12) is is met through the addition of a potential ftow solution, and the tangential boundary tlno-slip" condition is satisfied by a vorticity creation algorithm (vortex sheets).
To model the motion of the flame as given in (4.2), one is tempted to place marker particles along the boundary between the burnt and unburnt fiuid and update their position and hence the location of the ftame front in time. Because of the difficulty involved in determining the normal direction to the front (the direction in which the fiame burns) from such an approximation, the ftame front usually becomes unstable and develops wild oscillations (see [15] ). This problem is avoided through introducing a grid on the domain and assigning each cell a number (a "volume fraction", see [14] ,corresponding to the amount of burnt ftuid in that cell at any given time. Each cell on the boundary of the burnt gas ignites all its neighbors at the prescribed rate k;
this is an approximation based on Huyghen's principle, which states that the envelope of all disks centered on the front corresponds to the front displaced in a direction normal to itself, (see [2] ). The motion of the ftame is broken up into two stages: first, burning is modelled by allowing the flame to propagate in a direction normal to itself at the prescribed speed and second, the burned fluid is advected by the yet to be determined velocity field v. By updating these volume fractions according to the advection and burning processes, one may track the motion of the ftame. and Pu(O} = 1. were taken. and it was assumed that a fluid particle increased its volume by a factor of five upon burning; this corresponded to qo=1.333 (see [18] for details on these choices of values for qo and Q). In Figure 1 
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: In the second set of experiments (Figure 2) , the relative effects of viscosity and exothermicity on the rate at which combustion takes place in the vessel were investigated. In these experiments, fl.uid motion was generated by a vortex placed in the center of a square of sufficient strength so that the velocity tangential to each wall at its midpoint was 1. With Q = .14, four different experiments were performed. The top row corresponds to inviscid flow with qo=O (no exothermicity allowed) • the next row is inviscid flow with qo=1.333 (factor of five expansion) ,the next row is viscous flow with Reynolds number R = 1000 and the bottom row corresponds to viscous flow, R=1000., qo= 1.33. In the two viscous runs, the flow was started two seconds before ignition so that recirculation zones would have time to develop. The results may be summarized as follows. In the inviscid, constant density case, the tlame wraps smoothly around the center, since the flow is smooth and there is no feedback mechanism from the flame to the hydrodynamics; When volume expansion effects are added, the resulting velocity field carries the flame around the center at a faster rate, in addition to the slightly higher propagation speed. In the viscous, constant density case, the flame motion is strongly influenced by the counterrotating eddies that grow in the corners as a result of vorticity production along solid walls; the flame is carried around each large eddy and then dragged backwards into the corner.
These eddies are of prime importance in bringing the flame into contact with unburnt parts of the vessel. The front becomes jagged and wrinkled. increasing the surface area of the flame available for burning. In the viscous case with volume expansion, the flame is both wrinkled due to the turbulence of the flow and carried by the volume expansion velocity field, greatly decreasing the time required for complete conversion of reactants to products. This interplay between viscosity and exothermicity on the speed and shape of the burning front is the same as that obtained in [17] for open channel calculations. In 
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